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1 Introduction
In this paper, we are interested in the r-nuclearity of multipliers associated to
the harmonic oscillator (also called Hermite multipliers) on Lp(Rn)-spaces. In
quantum mechanics the harmonic oscillator is the unbounded operator deﬁned
by H = −Δx + |x|2, where Δx is the Laplacian. The operator H extends to
an unbounded self-adjoint operator on L2(Rn), and its spectrum consists of the
discrete set λν := 2|ν| + n, ν ∈ Nn0 , with real eigenfunctions φν , ν ∈ Nn0 , called
Hermite functions. Every Hermite function φν on Rn has the form
φν = Πnj=1φνj , φνj (xj) = (2
νjνj !
√
π)−
1
2 Hνj (xj)e
− 12x2j (1)
where x = (x1, · · · , xn) ∈ Rn, ν = (ν1, · · · , νn) ∈ Nn0 , and Hνj (xj) denotes the
Hermite polynomial of order νj . Furthermore, by the spectral theorem, for every
f ∈ D(Rn) we have
Hf(x) =
∑
ν∈Nn0
λν f̂(φν)φν(x), f̂(φν) := 〈f, φν〉L2(Rn) =
∫
Rn
f(x)φν(x) dx, (2)
where f̂(φv) is the Hermite-Fourier transform of f at ν. In addition, every func-
tion m on Nn0 has associated a multiplier (or Hermite multiplier) which is a linear
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operator Tm of the form:
Tmf(x) =
∑
ν∈Nn0
m(ν)f̂(φν)φν(x), f ∈ D(Tm). (3)
The discrete function m is called the symbol of the operator Tm. In particular, if
m is a measurable function, the symbol of the spectral multiplier m(H), deﬁned
by the functional calculus, is given by m(ν) := m(λν), thus, spectral multipliers
are natural examples of multipliers associated to the harmonic oscillator.
In order that the operator Tm : Lp1(Rn) → Lp2(Rn) extends to a r-nuclear
operator, we provide suﬃcient conditions on the symbol m. We recall the notion
of r-nuclearity as follows. By following Grothendieck [18], we can recall that a
linear operator T : E → F (E and F Banach spaces) is r-nuclear, if there exist
sequences (e′n)n∈N0 in E
′ (the dual space of E) and (yn)n∈N0 in F such that
Tf =
∑
n∈N0
e′n(f)yn, and
∑
n∈N0
‖e′n‖rE′‖yn‖rF < ∞. (4)
The class of r−nuclear operators is usually endowed with the quasi-norm
nr(T ) := inf
⎧
⎨
⎩
{
∑
n
‖e′n‖rE′‖yn‖rF
} 1
r
: T =
∑
n
e′n ⊗ yn
⎫
⎬
⎭ (5)
and, if r = 1, n1(·) is a norm and we obtain the ideal of nuclear operators. In
addition, when E = F is a Hilbert space and r = 1 the deﬁnition above agrees
with the concept of trace class operators. For the case of Hilbert spaces H, the
set of r-nuclear operators agrees with the Schatten-von Neumann class of order
r (see Pietsch [21,22]).
In order to study the r-nuclearity and the spectral trace of Hermite multipli-
ers, we will use results from Delgado [5], on the characterization of nuclear inte-
gral operators on Lp(X,μ) spaces, which in this case can be applied to Lebesgue
spaces on Rn. Indeed, we will prove that under certain conditions, a r-nuclear
operator Tm : Lp(Rn) → Lp(Rn) has a nuclear trace given by
Tr(Tm) =
∑
ν∈Nn0
m(ν). (6)
Furthermore, by using the version of the Grothendieck-Lidskii formula proved
in Reinov and Latif [23] we will show that the nuclear trace of these operators
coincides with the spectral trace for 1r = 1 + | 1p − 12 |. An important tool in the
formulation of our results will be the asymptotic behavior of Lp-norms for Her-
mite functions (see [29]). There are complications to estimate norms of Hermite
functions on diﬀerent functions spaces (see e.g. [19]), thus, our results can be
not extended immediately to function spaces like Lebesgue spaces with exponent
variable.
Now, we present some references on the subject. Suﬃcient conditions for the
r-nuclearity of spectral multipliers associated to the harmonic oscillator, but, in
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modulation spaces and Wiener amalgam spaces have been considered by Delgado
et al. [7,8]. The Properties of these multipliers in Lp-spaces have been investi-
gated in the references Bagchi and Thangavelu [1], Epperson [15], Stempak and
Torrea [26–28], Thangavelu [29,30] and references therein. Hermite expansions
for distributions can be found in Simon [25]. The r-nuclearity and Grothendieck-
Lidskii formulae for multipliers and other types of integral operators can be found
in [6,8]. Suﬃcient conditions for the nuclearity of pseudo-diﬀerential operators
on the torus can be found in [4,16]. The references [9–12,14] include a com-
plete study on the r-nuclearity of multipliers (and pseudo-diﬀerential operators)
on compact Lie groups and more generally on compact manifolds. On Hilbert
spaces the class of r-nuclear operators agrees with the Schatten-von Neumann
class Sr(H); in this context operators with integral kernel on Lebesgue spaces
and, in particular, operators with kernel acting of a special way with anharmonic
oscillators of the form Ea = −Δx + |x|a, a > 0, has been considered on Schatten
classes on L2(Rn) in Delgado and Ruzhansky [13].
Our main results will be presented in the next section. We end this paper by
applying our trace formula to the the Hermite semigroup (or semigroup associ-
ated to the harmonic oscillator) e−tH , t > 0. We would like to thanks Ce´sar del
Corral from Universidad de los Andes, Bogota´-Colombia, for discussions and his
remarks about our work.
2 r-Nuclear Multipliers Associated to the Harmonic
Oscillator
2.1 Preliminaries and Notations: Nuclear Operators on Lebesgue
Spaces
In this section we study r-nuclear multipliers Tm on Lebesgue spaces. Our cri-
teria will be formulated in terms of the symbols m. First, let us observe that
every multiplier Tm is an operator with kernel Km(x, y). In fact, straightforward
computation show that
Tmf(x) =
∫
Rn
Km(x, y)f(y)dy, Km(x, y) :=
∑
ν∈Nn0
m(ν)φν(x)φν(y)
for every f ∈ D(Rn). In order to analyze the r-nuclearity of Tm we study its
kernel Km by using the following theorem (see Delgado [3,5]).
Theorem 1. Let us consider 1 ≤ p1, p2 < ∞, 0 < r ≤ 1 and let p′1 be such that
1
p1
+ 1p′1 = 1. An operator T : L
p(μ1) → Lp(μ2) is r-nuclear if and only if there
exist sequences (gn)n in Lp2(μ2), and (hn) in Lq1(μ1), such that
∑
n
‖gn‖rLp2 ‖hn‖rLq1 < ∞, and Tf(x) =
∫
(
∑
n
gn(x)hn(y))f(y)dμ1(y), a.e.w. x,
(7)
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for every f ∈ Lp1(μ1). In this case, if p1 = p2 (see Sect. 3 of [3]) the nuclear
trace of T is given by
Tr(T ) :=
∫ ∑
n
gn(x)hn(x)dμ1(x). (8)
If 1 ≤ p1, p2 < ∞, by Theorem 1, we have that a multiplier Tm : Lp1(Rn) →
Lp2(Rn) is r-nuclear if
sr(m, p1, p2) :=
∑
ν∈Nn0
|m(ν)|r‖φν‖rLp2 (Rn)‖φν‖rLp′1 (Rn) < ∞, (9)
consequently, the nuclear trace of Tm is given by
Tr(Tm) =
∫
Rn
∑
ν∈Nn
m(ν)φν(x)2dx =
∑
ν∈Nn
m(ν)
∫
Rn
φν(x)2dx =
∑
ν∈Nn
m(ν),
(10)
where we have used that the L2-norm of every φν is normalized.
Although the estimate (9) is a suﬃcient condition on m in order to guarantee
the r-nuclearity of Tm, we want to study explicit conditions on m, p1, and p2
in order that the series (9) converges. In order to ﬁnd such conditions, we need
to estimate the Lp-norms of Hermite functions which are eigenfunctions of the
harmonic oscillator. This situation is analogue to one in the case of compact Lie
groups where, in order to establish the r-nuclearity of multipliers, it is important
to estimate Lp-norms of the eigenfunctions of the Laplacian (see Cardona [2] and
Delgado and Ruzhansky [9]).
Our starting point is the following lemma on the asymptotic properties of
Lp-norms for Hermite functions on R (see Lemma 4.5.2 of [29]).
Lemma 1. Let us denote by φν , ν ∈ N0, the one-dimensional Hermite functions.
As ν → ∞, these functions satisfy the estimates
• ‖φν‖Lp(R)  ν
1
2p − 14 , 1 ≤ p ≤ 2.
• ‖φν‖Lp(R)  ν− 18 ln(ν), p = 4,
• ‖φν‖Lp(R)  ν−
1
6p − 112 , 4 < p ≤ ∞.
We need to extend the previous lemma to the case of n-dimensional Hermite
functions, we explain the process of extension in the following remark.
Remark 1. By the previous lemma, there exists k ∈ N large enough, such that
• ‖φν‖Lp(R)  ν
1
2p − 14 , 1 ≤ p < 4,
• ‖φν‖Lp(R)  ν− 18 ln(ν), p = 4,
• ‖φν‖Lp(R)  ν−
1
6p − 112 , 4 < p ≤ ∞,
if ν ≥ k, and for all ν ≤ k, ‖φν‖Lp(R)  ρk := ‖φk‖Lp(R). Now, let us deﬁne the
following n + 1 subsets of Nn0 :
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• I0 := {ν ∈ Nn0 : νj > k for all 1 ≤ j ≤ n},
• Is, for s = 1, 2, · · · , n, consists of all ν ∈ Nn0 such that for some j1, · · · , js,
νj1 , · · · νjs ≤ k but, for j = j1, j2, · · · js, νj > k. So, Is is the set of n-tuples
of non negative integers with exactly s entries less than or equal to k.
The sequence of subsets I0, I1, · · · In, provides a partition of Nn0 which will be
useful in order to estimate the series (9). We end this remark by observing that
for all ν ∈ Is,
‖φν‖Lp(Rn) =
∏
vj≤k
‖φνj‖Lp(R)
∏
vj>k
‖φνj‖Lp(R)  ‖φk‖sLp(Rn)
∏
vj>k
‖φνj‖Lp(R).
With the notation of the preceding remark and by using Lemma 1 we have
immediately the following proposition.
Proposition 1. Let s ∈ N0, and ν ∈ Is ⊂ Nn0 . The n-dimensional Hermite
function φν satisfies the estimates
• ‖φν‖Lp(Rn)  ks(
1
2p − 14 ) · (∏νj>k νj)
1
2p − 14 , 1 ≤ p < 4.
• ‖φν‖Lp(Rn)  k− s8 (ln(k))s ·
∏
νj>k
[ν−
1
8
j ln(νj)], p = 4,
• ‖φν‖Lp(Rn)  ks(−
1
6p − 112 ) · (∏νj>k νj)−
1
6p − 112 , 4 < p ≤ ∞.
Extensions of Lemma 1 have been obtained in [19], however, for our purposes
will be suﬃcient such lemma and the preceding proposition.
2.2 Nuclear Multipliers of the Harmonic Oscillator
By using the previous proposition, we study separately the r-nuclearity of mul-
tipliers by dividing our classiﬁcation in the following three cases: 1 ≤ p2 < 4 and
1 < p1 < ∞, p2 = 4 and 1 < p1 < ∞, and 4 < p2 ≤ ∞, 1 < p1 < ∞. We start
with the following result.
Theorem 2. Let 1 ≤ p2 < 4 and 1 < p1 < ∞. Let Tm be a multiplier associated
to the harmonic oscillator and m its symbol. Then Tm : Lp1(Rn) → Lp2(Rn)
extends to a r-nuclear operator if one of the following conditions holds:
• 43 < p1 < ∞ and
κ(m, p1, p2) :=
n∑
s=0
∑
ν∈Is
k
sr
2 (
1
p2
− 1p1 )(
∏
νj>k
νj)
r
2 (
1
p2
− 1p1 )|m(ν)|r < ∞. (11)
• p1 = 43 and
κ(m, p1, p2) :=
n∑
s=0
∑
ν∈Is
k
sr
2 (
1
p2
− 34 )(ln k)sr ·
∏
νj>k
[νj
r
2 (
1
p2
− 34 )(ln(νj))
r]|m(ν)|r < ∞.
(12)
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• 1 < p1 < 43 and
κ(m, p1, p2) :=
n∑
s=0
∑
ν∈Is
k
sr
2 (
1
p2
+ 13p1
−1) · (
∏
νj>k
νj)
r
2 (
1
p2
+ 13p1
−1)|m(ν)|r < ∞.
(13)
In every case we have sr(m, p1, p2)  κ(m, p1, p2).
Proof. In view of Theorem 1 we only need to proof (9). So, let us note that for
1 ≤ p2 < 4 and 43 < p1 < ∞ (which imply 1 < p′1 < 4) we have the following
estimate for (9),
∑
ν∈Nn0
|m(ν)|r‖φν‖rLp2 (Rn)‖φν‖
r
L
p′1 (Rn)
=
∑n
s=0
∑
ν∈Is
|m(ν)|r‖φν‖rLp2 (Rn)‖φν‖
r
L
p′1 (Rn)

∑n
s=0
∑
ν∈Is
k
sr( 12p2
− 14 ) · (
∏
νj>k
νj)
r( 12p2
− 14 ) · k
sr( 1
2p′1
− 14 ) · (
∏
νj>k
νj)
r( 1
2p′1
− 14 )
=
∑n
s=0
∑
ν∈Is
k
sr
2 (
1
p2
− 1
p1
)
(
∏
νj>k
νj)
r
2 (
1
p2
− 1
p1
)|m(ν)|r < ∞. (14)
On the other hand, if we consider 1 ≤ p2 < 4, p1 = 43 (i.e p′1 = 4) we obtain the
following asymptotic expressions for (9),
∑
ν∈Nn0
|m(ν)|r‖φν‖rLp2 (Rn)‖φν‖
r
L4(Rn) =
∑n
s=0
∑
ν∈Is
|m(ν)|r‖φν‖rLp2 (Rn)‖φν‖
r
L4(Rn)

∑n
s=0
∑
ν∈Is
|m(ν)|rksr(
1
2p2
− 14 )
× (
∏
νj>k
νj)
r( 12p2
− 14 ) · k−
sr
8 (ln(k))sr ·
∏
νj>k
[ν
− r8
j (ln(νj))
r
]
=
∑n
s=0
∑
ν∈Is
|m(ν)|rk
sr
2 (
1
p2
− 34 )(ln k)sr ·
∏
νj>k
[νj
r
2 (
1
p2
− 34 )(ln(νj))r ] < ∞. (15)
For the case where 1 ≤ p2 < 4, 1 < p1 < 43 (now, 4 < p′1 < ∞) we have
∑
ν∈Nn0
|m(ν)|r‖φν‖rLp2 (Rn)‖φν‖
r
L
p′1 (Rn)
=
∑n
s=0
∑
ν∈Is
|m(ν)|r‖φν‖rLp2 (Rn)‖φν‖
r
L
p′1 (Rn)

∑n
s=0
∑
ν∈Is
|m(ν)|rksr(
1
2p2
− 14 )
× (
∏
νj>k
νj)
r( 12p2
− 14 ) · k
sr(− 1
6p′1
− 112 ) · (
∏
νj>k
νj)
− r
6p′1
− 112
=
∑n
s=0
∑
ν∈Is
k
sr
2 (
1
p2
+ 13p1
−1)
× (
∏
νj>k
νj)
r
2 (
1
p2
+ 13p1
−1)|m(ν)|r < ∞.
thus, we conclude the proof.
Now, we classify the r-nuclearity of multipliers when p2 = 4.
Theorem 3. Let 1 < p1 < ∞. Let Tm be a multiplier associated to the harmonic
oscillator and m its symbol. Then Tm : Lp1(Rn) → L4(Rn) extends to a r-nuclear
operator if one of the following conditions holds:
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• 43 < p1 < ∞ and
κ(m, p1, p2) :=
n∑
s=0
∑
ν∈Is
k
sr
2 (
1
4 − 1p1 )(ln(k))sr
∏
νj>k
[(ln(νj))
rν
r
2 (
1
4 − 1p1 )
j ]|m(ν)|r < ∞.
(16)
• p1 = 43 and
κ(m, p1, p2) :=
n∑
s=0
∑
ν∈Is
k−
sr
4 (ln k)2sr
∏
νj>k
[ν−
r
4
j (ln νj)
2r] · |m(ν)|r < ∞. (17)
• 1 < p1 < 43 and
κ(m, p1, p2) :=
n∑
s=0
∑
ν∈Is
k
sr
6 (
1
p1
− 94 )(ln(k))sr
∏
νj>k
[ν
r
6 (
1
p1
− 94 )
j ln(νj)
r] · |m(ν)|r < ∞.
(18)
In every case we have sr(m, p1, p2)  κ(m, p1, p2).
Proof. First, we consider the case 43 < p1 < ∞, (1 < p′1 < 4.) In fact, we have
∑
ν∈Nn0
|m(ν)|r‖φν‖rL4(Rn)‖φν‖
r
L
p′1 (Rn)
=
∑n
s=0
∑
ν∈Is
|m(ν)|r‖φν‖rL4(Rn)‖φν‖
r
L
p′1 (Rn)

∑n
s=0
∑
ν∈Is
|m(ν)|rk−
sr
8 (ln(k))sr ·
∏
νj>k
[ν
− r8
j (ln(νj))
r
] · k
sr( 1
2p′1
− 14 ) · (
∏
νj>k
νj)
r( 1
2p′1
− 14 )
=
∑n
s=0
∑
ν∈Is
k
sr
2 (
1
4 −
1
p1
)
(ln(k))
sr
∏
νj>k
[(ln(νj))
r
ν
r
2 (
1
4 −
1
p1
)
j ]|m(ν)|
r
< ∞.
For the case where p1 = 43 , (i.e. p
′
1 = 4), we have
∑
ν∈Nn0
|m(ν)|r‖φν‖rL4(Rn)‖φν‖rLp′1 (Rn) =
∑n
s=0
∑
ν∈Is |m(ν)|r‖φν‖2rL4(Rn)
 ∑ns=0
∑
ν∈Is k
− sr4 (ln(k))2sr · ∏νj>k[ν
− r4
j (ln(νj))
2r] · |m(ν)|r < ∞.
Finally, if we consider 1 < p1 < 43 , then 4 < p
′
1 < ∞, and we estimate (9) as
follows
∑
ν∈Nn0
|m(ν)|r‖φν‖rL4(Rn)‖φν‖rLp′1 (Rn) =
∑n
s=0
∑
ν∈Is
|m(ν)|r‖φν‖rL4(Rn)‖φν‖rLp′1 (Rn)

∑n
s=0
∑
ν∈Is
|m(ν)|rk− sr8 (ln(k))sr ·
∏
νj>k
[ν
− r8
j (ln(νj))
r] · ksr(−
1
6p′1
− 112 )
× (
∏
νj>k
νj)
− r
6p′1
− 112

∑n
s=0
∑
ν∈Is
k
sr
6 (
1
p1
− 94 )(ln(k))sr
∏
νj>k
[ν
r
6 (
1
p1
− 94 )
j ln(νj)
r] · |m(ν)|r < ∞.
thus, we end the proof.
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We end this chapter with some conditions for the r-nuclearity of multipliers
when 4 < p2 ≤ ∞. We omit the proof because we only need to repeat the
arguments above on asymptotic properties of Hermite functions.
Theorem 4. Let 4 < p2 ≤ ∞ and 1 < p1 < ∞. Let Tm be a multiplier associated
to the harmonic oscillator and m its symbol. Then Tm : Lp1(Rn) → Lp2(Rn)
extends to a r-nuclear operator if one of the following conditions holds:
• 43 < p1 < ∞ and
κ(m, p1, p2) :=
n∑
s=0
∑
ν∈Is
k
sr
2 (
1
3p′2
− 1p1 )(
∏
νj>k
νj)
r
2 (
1
3p′2
− 1p1 )|m(ν)|r < ∞. (19)
• p1 = 43 and
κ(m, p1, p2) :=
n∑
s=0
∑
ν∈Is
k
− sr6 ( 1p2 +
5
4 )(ln(k))sr
∏
νj>k
[ν
− r6 ( 1p2 +
5
4 )
j (ln(νj))
r]|m(ν)|r < ∞.
(20)
• 1 < p1 < 43 and
κ(m, p1, p2) :=
n∑
s=0
∑
ν∈Is
k
sr
6 (
1
p1
− 1p2 −2) · (
∏
νj>k
νj)
r
6 (
1
p1
− 1p2 −2)|m(ν)|r < ∞.
(21)
In every case we have sr(m, p1, p2)  κ(m, p1, p2).
3 Spectral and Nuclear Traces of Multipliers
of the Harmonic Oscillator
3.1 Trace Formulae for Multipliers
If T : E → E is r-nuclear, with the Banach space E satisfying the approximation
property (see [18]), then there exist sequences (e′n)n∈N0 in E
′ (the dual space of
E) and (yn)n∈N0 in E such that
Tf =
∑
n∈N0
e′n(f)yn, and
∑
n∈N0
‖e′n‖rE′‖yn‖rF < ∞. (22)
In this case the nuclear trace of T is given by Tr(T ) =
∑
n∈Nn0 e
′
n(fn). L
p-spaces
have the approximation property and as consequence we can compute the nuclear
trace of every r-nuclear multiplier Tm : Lp(Rn) → Lp(Rn). In fact, by (10) we
have
Tr(Tm) =
∑
ν∈Nn
m(ν). (23)
It was proved by Grothendieck that the nuclear trace of an r-nuclear operator
on a Banach space coincides with the spectral trace, provided that 0 < r ≤ 23 .
For 23 ≤ r ≤ 1 we recall the following result (see [23]).
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Theorem 5. Let T : Lp(μ) → Lp(μ) be a r-nuclear operator as in (22). If
1
r = 1 + | 1p − 12 |, then,
Tr(T ) :=
∑
n∈Nn0
e′n(fn) =
∑
n
λn(T ) (24)
where λn(T ), n ∈ N is the sequence of eigenvalues of T with multiplicities taken
into account.
As an immediate consequence of the preceding theorem, if Tm : Lp(Rn) →
Lp(Rn) is a r-nuclear multiplier and 1r = 1 + | 1p − 12 | then,
Tr(Tm) =
∑
ν∈Nn
m(ν) =
∑
n
λn(T ), (25)
where λn(T ), n ∈ N is the sequence of eigenvalues of Tm with multiplicities taken
into account.
3.2 The Hermite Semigroup
Let us consider the Hermite functions φν , ν ∈ Nn0 . If Pk, k ∈ N0, is the projection
on L2(Rn) given by
Pkf(x) :=
∑
|ν|=k
f̂(φν)φν(x), (26)
then, the Hermite semigroup (semigroup associated to the harmonic oscillator)
e−tH , t > 0 is given by
e−tHf(x) =
∞∑
k=0
e−t(2k+n)Pkf(x). (27)
For every t > 0, the operator e−tH has Schwartz kernel given by
Kt(x, y) =
∑
ν∈Nn0
e−t(2|ν|+n)φν(x)φν(y). (28)
In view of Mehler’s formula (see Thangavelu [29]) the above series can be
summed up and we obtain Kt(x, y) = (2π)−
n
2 sinh(2t)−
n
2 e−(
1
2 |x|
2+|y|2) coth(2t)+x·y·csch(2t)).
The symbol of the operator e−tH , mt(ν) = e−t(2|ν|+n), has exponential decaying
and we can deduce that e−tH extends to a r-nuclear on every Lp(Rn), 1 ≤ p < ∞,
(this can be veriﬁed if we insert the symbol mt on every condition of the previous
subsection) with trace (see (8)) given by
Tr(e−tH) =
∑
ν∈Nn0
e−t(2|ν|+n) = (et − e−t)−n. (29)
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The trace of e−tH can also be computed by applying (4.2.1), in fact
Tr(e−tH) =
∫
Rn
Kt(x, x)dx = (2π)−
n
2
∫
Rn
sinh(2t)−
n
2 e−|x|
2(coth(2t)−csch(2t))dx
= (2π)−
n
2 sinh(2t)−
n
2 (π/(coth(2t) − csch(2t)))n2
= (et − e−t)−n,
where we have use the known formula:
∫
R
e−ax
2
dx = (π/a)
1
2 .
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